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Drops walking on a vibrating bath: towards a
hydrodynamic pilot-wave theory
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FIGURE 5. (Colour online) The walking speed of silicone oil droplets for (a) v = 20 cSt,
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f =80Hz and (b) v = 50 cSt, f = 50 Hz, bouncing on a vibrating bath of the same oil, as
a function of the driving acceleration. The experimentally measured speeds are shown for
several droplet radii R,. For 20cSt, Ry = 0.3] mm (V¥), 0.38 mm (»), 0.40 mm (<) and
0.43 mm (H); while for 50 ¢St, Ry = 0.25 mm (A), 0.34 mm (»), 0.39 mm (<) and 0.51 mm
(M). In panel (a), the walking speeds reported by Protiere et al. (2006) are also shown for
comparison, for drop radii 0.28 mm (A), 0.35 mm () and 0.41 mm ().
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1. Introduzione alla sincronizzazione spontanea con un famoso esempio

”Millennium Bl‘idge" Londra 2000 Dati estratti dagli esperimenti:
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Riferimenti: Modello e dati presi da “Crowd synchrony on the millennium
bridge, Nature” Strogatz, Abrams, McRobie, Ott, Eckhardt. 2005 : Mauro Paolo Vittorio, Ottobre 2025



2. Un modello matematico per la sincronizzazione: modello di Kuramoto

Yoshiki Kuramoto (1940-)

. , . 1 ,
Dati N oscillatori: 6, = o, + ~ Z K si(6; — 0))

dove:

0. = 0¢) e la fase al tempo ¢

w; € la frequenza naturale dell’oscillatore

K e la costante di accoppiamento,

Riferimenti: “ From Kuramoto to Crawford: [...] synchronization in populations
of coupled oscillators. Physica D: Nonlinear Phenomena” Strogatz, 2000 9 Mautro Paolo Vittorio. Ottobre 2025



2. Un modello matematico per la sincronizzazione: modello di Kuramoto

[ 3 casi generali per il modello di Kuramoto: regime asincrono, regime
parzialmente sincronizzato, regime sincronizzato

Kuramoto Oscillators

Nil Phase-Locking Partial Phase-Locking Full Phase-Locking

Nelle simulazioni, il
punto giallo indica la fase
e la frequenza media, il
raggio nero e un
parametro d’ordine

K.

([

Riferimenti: File:KuramotoModelPhaseLocking.ogu, Simulazione di Stewart
Heitmann, 2014 3 Mauro Paolo Vittorio, Ottobre 2025
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2. Una coppia di orologi precisi accoppiati con termine di Kuramoto

0, = w, + = sin(6, — 6,)

Si pone il sistema di riferimento in O

0, + 0,
> X — 9:92_91
2
601+602
(2 = 5 =0= W= W, = — W

= 0=2w—Ksin @

4 Mauro Paolo Vittorio, Ottobre 2025



2. Una coppia di orologi precisi accoppiati con termine di Kuramoto

Metodo grafico alla Strogatz: 0=2w— Ksin0

Il punto pieno indica un punto fisso
stabile, 1’altro e instabile

Dato w, esiste sempre un
punto critico K- nel

A . .
¢ quale la dinamica

cambia drasticamente.

K =0.00
Condizione di sincronizzazione:

O 0 =0 = K> 2w
p - Q p - Q
: — T — — — arcsin —
inst = 7 — arcsin % stab K

Riferimenti: “Nonlinear Dynamics and Chaos: With Applications to Physics,
Biology, Chemistry, and Engineering” Strogatz, 2024 6 Mautro Paolo Vittorio. Ottobre 2025



2. Una coppia di orologi precisi accoppiati con termine di Kuramoto

Simulazioni numeriche per il regime sincronizzato K=2.5

Oscillatori accoppiati Differenza di fase
e
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K > K-( =2), allora il sistema € in
“phase-locking” e raggiunge una
frequenza media

5 Mauro Paolo Vittorio, Ottobre 2025



3. Una coppia di orologi browniani accoppiati con termine di Kuramoto

Siimmagina che la frequenza dell’oscillatore

sia disturbata da un rumore bianco:

0,
0,

w,+&) + = sin(0, — 6))

6()2 + 52(0 +

Dove: ({(7)) =0

2

2 sin(6; — 6,)
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3. Una coppia di orologi browniani accoppiati con termine di Kuramoto

Cosa ci dice il metodo grafico? Come si comportano i punti fissi?

Si semplifica, come prima:

0, — 0, = (0, — w,) + [£,(1) — &()] + g sin(@, — 6,) — sin(f; — 92)] =

0

8 Mauro Paolo Vittorio, Ottobre 2025



3. Una coppia di orologi browniani accoppiati con termine di Kuramoto

Ogni oscillatore ha una precisione per unita di tempo p,

definita come:

2
p_ 0O P
Var|0(1)] t

Riferimenti: “Thermodynamic precision of a chain of
motors: [...].” Journal of Statistical Mechanics:
Theory and Experiment, Costantini, Puglisi, 2024.

Oscillatore singolo: 6’1 = w, + ¢,

wi

Y

9 Mauro Paolo Vittorio, Ottobre 2025



3. Una coppia di orologi browniani accoppiati con termine di Kuramoto

(6,)
Var[6,]’

e possibile studiare analiticamente il comportamento della
precisione per un oscillatore accoppiato nel regime
sincronizzato (K > K):

Utilizzando la definizione di precisione P =

. K
91 — 0)1 + 51 + E Sin((92 — 91)

A7 K
=>p1(t) — , con. Al — a)l +ESIH H;k
D (1 T Ikicos o7 ) (dove € indica il punto
fisso stabile)
y)
= psync(t) , Al
l [— 0 D

9 Mauro Paolo Vittorio, Ottobre 2025



3. Una coppia di orologi browniani accoppiati con termine di Kuramoto

Simulazioni sulla precisione p(7)

1e6 Evoluzione p(t) per diversi K su 1000 run, D=0.0001

5.0

Reg. sincrono

i M mph w N e T
vl vy i
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w
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Condizioni iniziali: oy = 20, @, =22, K- =2, 6, =0 10 Mauro Paolo Vittorio, Ottobre 2025



3. Una coppia di orologi browniani accoppiati con termine di Kuramoto

4501
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3. Una coppia di orologi browniani accoppiati con termine di Kuramoto

Il caso K ~ K

Evoluzione p(t) per diversi K su 500 run, D=0.01

500000 -
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4. Conclusioni e confronto

Nell’articolo “Thermodynamic
precision of a chain of motors |[...]”, si
osserva che:

la precisione per lo stato sincronizzato

N

py(t) ~ )

Nella tesi, si € arrivati, tramite
metodi analitici, ad una
approssimazione, per la quale:

Lo stato sincronizzato ha precisione
(all’incirca) doppia rispetto allo
stato asincrono

Riferimenti: “Thermodynamic precision of a chain of motors: [...]. Journal of
Statistical Mechanics: Theory and Experiment” Costantini, Puglisi, 2024.
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4. Conclusioni e confronto

E possibile avere una precisione infinita?

NO!

Thermodynamic Uncertainty Relation:

p < —; dove § indica I’entropia del sistema.

kg

Nw?
D

Nel caso di oscillatori accoppiati: = ppax =

Riferimenti: “Thermodynamic precision of a chain of motors: [...]. Journal of
Statistical Mechanics: Theory and Experiment” Costantini, Puglisi, 2024. 14 Mauro Paolo Vittorio. Ottobre 2025



Bonus: Calcolo p,, ., da TUR

Thermodynamic Uncertainty Relation:

Pmax = . ; dove S indica I’entropia del sistema.
B

. S .0 W

In regime stazionario: U =0 = §=—=—
r T

Utilizzando "’equazione di Einstein per il moto browniano: D = ukzT, considerando y = 1

N

w; .
In un regime sovrasmorzato, le forze generalizzate 7, = —=> W = Z (1.0} = Nw*
H i=1
Nw?
= Pmax = 5

Riferimenti: “Thermodynamic precision of a chain of motors: [...]. Journal of
Statistical Mechanics: Theory and Experiment” Costantini, Puglisi, 2024. 14 Mauro Paolo Vittorio. Ottobre 2025
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Summary. — This article is an introduction for non-specialist readers to hydrody-
namic spin lattices, collections of macroscopic wave-propelled particles that exhibit
symmetry-breaking phenomena. Hydrodynamic spin lattices have been introduced
and thoroughly investigated with both experiments and theoretical models by Sdenz
et al. (Nature, 596 (2021) 58). Here I summarize the main results obtained in ex-
periments with one-dimensional lattices and describe the simplest theoretical model,
i.e., the generalized Kuramoto model, that captures the experimental data. The
results presented here include transitions from antiferromagnetic to ferromagnetic
order obtained by varying lattice geometry and system rotation, which is equiva-
lent to applying a magnetic field. Finally, hydrodynamic spin lattices are briefly
discussed in the context of active systems.

1. — Introduction

The coalescence of a liquid droplet with an underlying bath of the same liquid may
be inhibited by forcing the bath to vibrate vertically [1]. The bath vibration sustains
the drop to bounce on the bath’s surface for a virtually infinite time with the interme-
diate of a thin air layer [2,3]. In some regimes, the drop moves horizontally across the
surface by bouncing on the slope of the waves emitted by previous bounces [4-8] (fig. 1).
The ensemble of drop and waves has been baptized a walker, which is a wave-particle
association at the macroscopic scale [5]. Many configurations of the walker system have
been explored to assess its potential and limitations as an analog of microscopic systems.
These include interactions with slits [9-12], walls [13-16], cavities [17-20], bath bottom
topography [13,18,21-23], and external forces [24-27]. Walkers exhibit several analogs
with microscopic systems to various degrees of success [28], including quantization of

(*) E-mail: giuseppe.pucci@cnr.it

Creative Commons Attribution 4.0 License (https://creativecommons.org/licenses/by/4.0) 1
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Fig. 1. — The behavior of a walking droplet confined by a submerged circular well. (a) Schematic
cross section. (b) Snapshot with & < 1 mm. (c) Snapshot with ~ = 1 mm. Particle trajectories
are indicated by red dashed lines and well boundaries in white. Figure from [21].

orbits [24,25,29] and angular momentum [26,30-32] in the presence of central forces, sta-
tistical switching between levels [25,27], level splitting [33], Hong-Ou-Mandel effect [34],
spin states [35], wavelike particle statistics [17,36,37] and statistical projection effects [18]
in corrals, and Friedel oscillations [22]. Collections of bouncing droplets exhibit features
similar to crystal vibrations [38-41].

Collections of walkers are substantially more difficult to manipulate since walkers
tend to coalesce with each other or with the bath or form bound states [42-48]. Until
recently, the collective behavior of walkers (rather than bouncers) was investigated with
limited configurations and particle numbers, specifically for exploring orbiting [4,43,46],
promenading [45,47], ratcheting [42,49] and speed enhancement in walker strings [50].
The dynamics of walker pairs confined to a line has been shown to give rise to long-range
correlations [51] and most recently to a hydrodynamic analog of superradiance [52].
Sdenz et al. [21,23] developed the first experimental design that enables the study of
large collections of walkers coupled through the waves they emit, opening the door to
the study of the collective motion of wave-driven particles.

2. — Experimental setup

Séenz et al. tuned the bottom topography of the liquid bath to keep droplets separated
whilst maintaining their wave-mediated interactions [20,21]. A submerged circular well
may force a droplet to walk on a circular trajectory and thus ‘spin’ within the well
(fig. 1). The extent of the walker wave field changes with the depth h of the liquid
layer surrounding the well: small depth (h < 1mm) results in strongly confined waves
(fig. 1(b)) while a larger depth (h ~ 1mm) allows the waves to escape the well over a
few wavelengths (fig. 1(c)).

Hydrodynamic spin lattices are made of multiple walking droplets, each confined by a
submerged circular well to ‘spin’ on the bath surface and interacting with the neighbors
via the waves it emits (fig. 2(a), (b)). The liquid used was silicone oil with density p =
950 kg m—3, viscosity v = 20.9 c¢St, and surface tension o = 20.6 mN m~'. The well depth
was H = 6.2 mm, which corresponds to “infinite” depth with respect to the characteristic
wavelength of the system. The bath was forced by an electromagnetic shaker to oscillate
vertically with acceleration I'(t) = 7 cos 27 ft, where v < p is the acceleration amplitude,
with vz the Faraday instability threshold [53,54], f is the frequency, and ¢ is time. Drops
had a diameter Dy = 0.75+0.01 mm and bounced in phase at half the forcing frequency.
Therefore, they were local triggers of the Faraday instability and excited approximately
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I(t) = ycos2n ft

submerged wells

Fig. 2. — 1D lattice and wave-mediated interactions. (a) Oblique view of a ring of submerged
circular wells with walking droplets. The fluid layer between wells allows for wave-mediated
interaction between neighboring drops. (b) Schematic cross section of two interacting drops. (c)
Schematic representation of the model of two interacting drops. Material from [23].

standing circular waves with wavelength Ap. Droplets were tracked with an in-house
algorithm that served to measure the spin S(¢) = L,(t)/m of each droplet, where m is
the droplet’s mass, and L, is the angular momentum with respect to the well center.
Experiments were started with random initial spin configurations and run for several
hours to achieve statistical significance. The bath was enclosed inside a transparent
chamber to ensure isolation from ambient air currents.

3. — Generalized Kuramoto model

Starting from first principles, Sdenz et al. demonstrated that the simplest model
capable of describing the collective behavior in hydrodynamic spin lattices is a phase
oscillator model [23] (fig. 2(c)). Walker trajectories are assumed to be circular x;(t) =
ro(cos ¢i(t),sin ¢;(t)), where (1o, ¢;) are the cylindrical coordinates describing the posi-
tion of droplet 7 with respect to the center of the well in which it walks, and w; = ¢; is
the angular frequency of rotation of the droplet. Since walking droplets have a preferred
walking speed [5,7], which we denote with vy, preferred orbital frequencies are defined as
+wg = +vg/r9. The presence of a preferred orbital frequency is modeled by a non-linear
Rayleigh-type friction, leading to the following equation:

2
(1) w; = e (1 - %) w; + ZFi]’(¢ia¢j)a
J

T 0

where Fj; is the wave-mediated force exerted on drop ¢ by its nearest neighbor j, and 7
is the timescale over which perturbations to wy decay. Assuming weak accelerations and
small orbital radii ro < L in the droplet motion, the interaction force can be derived
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from a coupling potential

oU
(2a) Fij (i, 05) = ~ 90
(20) Ulgi, ¢) = %a(cos ¢; — cos d)j)Q + %B(sin ¢; — sin ¢j)2‘

Here o o< J{(krpL) and f o< Jj(kpL), where Jy(krp(|x — x;|)) is a Bessel function of
the first kind centered at the position of the neighboring drop that approximates the
coupling wave field, and kp = 27/ Ap.

4. — Order parameters

Collective order was characterized by measuring three parameters. The normalized
“magnetization”

3) M(t) = > Si(t)

- ilSi)]

quantifies the global symmetry breaking, with )", indicating a sum over all N spins and
S;(t) the spin of droplet i. The normalized spin-spin correlation

_ Zi~j Si(t)sj (t)
2 ing 1Si(8)S5(2)]

(4) x(t)

quantifies pairwise symmetry breaking, with i ~ j indicating that the sum is done over
adjacent pairs. Negative x corresponds to average counter-rotation of adjacent walk-
ers (antiferromagnetic behavior), while positive x corresponds to average co-rotation of
adjacent walkers (ferromagnetic behavior). The third order parameter characterized by
Séenz et al. [23] is the average phase difference of rotation of adjacent walkers, which will
not be discussed here.

5. — Collective behavior as a function of forcing

In the first series of experiments, the lattice spacing L was fixed and the dependence
of the collective behavior on the forcing acceleration v/vyr was explored (fig. 3). v/vr
is somewhat a tuning parameter for the extension of the walker wave field since higher
forcing results in waves lasting for a longer time on the bath’s surface [6]. In our exper-
iments, the average magnetization was observed to vanish, (M) =~ 0, while the average
spin-spin correlation () exhibited a monotonic dependence on the forcing acceleration.
Specifically, (x) =~ 0 at low v/vr due to limited extensions of the wave field and thus
the lack of wave-mediated interactions. The spin-spin correlation decreased with the
forcing, as a result of increasing wave-mediated interactions, and reached a minimum
value roughly corresponding to the maximum amplitude at which an isolated spinning
drop would have a stable circular trajectory. Further increasing of v/vp corresponds
to increasing (x) back to zero, presumably because the strong wave-mediated interac-
tions ‘randomize’ the collective behavior. The generalized Kuramoto model captures the
observed behavior well despite the significant approximations (fig. 3).
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Fig. 3. — Dependence of the average spin-spin correlation (x) on the forcing acceleration am-
plitude 7/vF in experiments and as predicted by the Generalized Kuramoto model for a 1D
lattice. Experimental parameters: N = 20 wells, L = 17.7mm, D = 14mm, h = 1mm,
f=80Hz, A\r = 4.75mm and yr = 4.780 g. Material from [23].

6. — Collective behavior as a function of spacing

Sdenz et al. [23] then proceeded to explore the dependence of the spin-spin correlation
on the lattice spacing L. Experimentally, two lattice spacings were explored, leading to

spin corr. X
magnetization V]

—
O

spin corr. X
magnetization V/

timc' t(h)

Fig. 4. — Antiferromagnetic and ferromagnetic order of 1D lattices. (a) Time evolution of spin-
spin correlation x and magnetization M of a 1D spin lattice with N = 20 wells, L = 17.7 mm,
D = 14dmm, H = lmm, f = 80Hz, A\r = 4.75mm and v/yr = 82% with vr = 4.780¢g.
(b) Snapshot of the collective antiferromagnetic order as it appeared at instant ¢4 in (a), where
x4 is the corresponding spin-spin correlation. (¢) Time evolution of spin-spin correlation y and
magnetization M of a 1D spin lattice with N = 28 wells, L = 13.2mm, D = 10mm, H = 0.8 mm,
f = T78Hz, A\r = 4.84mm and ~/vr = 86% with vp = 5.280g. (d) Snapshot of the collective
ferromagnetic order as it appeared at instant ¢ in (c), where x g is the corresponding spin-spin
correlation. Material from [23].



6 G. PUCCI

either antiferromagnetic (fig. 4(a),(b)) or ferromagnetic (fig. 4(c),(d)) order. This behav-
ior is captured by the generalized Kuramoto model, which also shows that continuous
transitions from antiferromagnetic to ferromagnetic order and vice versa can be obtained
by varying L. The model also provides a simple theoretical framework: antiferromagnetic
or ferromagnetic pairwise modes are selected by minimizing the potential U in eq. (2)
(see Methods in Sdenz et al. [23] for the underlying mechanism).

7. — Applying the equivalent of a magnetic field

Finally, Sdenz et al. proceeded to apply the equivalent of a magnetic field [23]. Tt
is known that an antiferromagnetic material can become ferromagnetic if a constant
magnetic field is applied. To apply an equivalent of the magnetic field they used the
analogy between the Lorentz force Fg = ¢(v x B) acting on a charge ¢ that moves
with velocity v and the Coriolis force Fg = m(v x 2Q) acting on a mass m that moves
with velocity v in a frame that rotates with constant angular velocity €2 [24]. A lattice
with initial antiferromagnetic order was rotated anticlockwise, and a polarization to
ferromagnetic order was observed (fig. 5(a)). Correspondingly, the magnetization moved
from zero to a positive value. When the direction of rotation was inverted, the lattice
remained ferromagnetic, but the magnetization changed to negative (fig. 5(a), (b)). Spins
generally aligned with the “magnetic” field, that is, the bath angular velocity vector. The
mechanism underlying this “magnetization” lies in the capacity of the Coriolis force to
destabilize circular trajectories. A bath co-rotating with a drop gave rise to a Coriolis
force that opposed the confining force of the well, thus preserving the circular trajectory
and increasing its radius. A bath counter-rotating with a drop gave rise to a Coriolis
force that pointed inwards and destabilized circular orbits into trefoil-like trajectories,
through which the direction of rotation of the drop could be easily reversed by the
perturbations from neighboring drops. The experimental results are captured by the

T T

+ experiments

.6 ® GK model ®|
00’ e + +

BN

.+

(a) fa ‘ - — (©) 09

I
[9%)

magnetization M
o —-
5«‘:
, ¥
o R
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Q (rad/s)
o
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ave. spin corr. <X>

0
(6) ol ¥ ,
¢ Qc
L]

-0.6 b +\ 1

0 0.25 0.5 0.75
bath ang. speed
Q (rad/s)

Fig. 5. — Effect of applying an equivalent magnetic field via system rotation. (a) Time evolution
of spin-spin correlation x and magnetization M initially without rotation, (€ = 0) and then with
anticlockwise (2 = 0.7rad s™1) and clockwise (2 = —0.7rad s™') rotation. (b) Configurations
at instants ta,tp and tc in (a). (c) Average spin-spin correlation as a function of the system
angular speed in experiments and as it results from the Generalized Kuramoto model with
rotation. Experimental parameters are the same as in fig. 3 with v/yr ~ 85%. Material
from [23].
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generalized Kuramoto model in eq. (1) by adding the Coriolis force (fig. 5(c)). The
polarization to ferromagnetic order occurred at a supercritical rotation rate ¢ in both
experiments and theoretical modeling.

8. — Conclusion and perspective work

In this communication, I have summarized the results obtained by Sadenz et al. on 1D
hydrodynamic spin lattices, which are lattices of drops propelled by waves on the surface
of a liquid [23]. Sdenz et al. also explored the behavior of 2D square and triangular
lattices. Specifically, they observed a transition from antiferromagnetic to ferromagnetic
order and global magnetization with bath rotation in square lattices. They also found
ferromagnetic domains in 2D square lattices by varying the lattice spacing in simulations.
The effect of the bouncing phase of the drops was investigated, and it was found that
lattices with all drops bouncing in phase maximize |(x)|. Details of spin flips were
also reported. All these results demonstrate the plethora of configurations that can be
designed and explored with spin lattices of walking drops, which may lead, for instance,
to the hydrodynamic analog of spin-wave dynamics [55] and Anderson localization [56].

It is worth mentioning the potential impact of hydrodynamic spin lattices on the
statistical physics of active systems. Active systems are composed of self-driven units
capable of consuming energy to move or exert forces on each other [57,58]. These sys-
tems have recently attracted the attention of physicists for the possibility of extending
the framework of statistical physics to incorporate non-equilibrium phenomena. FEx-
tensive studies have been devoted to overdamped active systems (see for instance [58])
in which interactions are mediated by viscous hydrodynamic forces that decay mono-
tonically with distance, and inertial active systems (see for example [59]), which exhibit
spatiotemporally complex interactions and are relatively less understood. Hydrodynamic
spin lattices are a rare example of an active system in which both dissipation and iner-
tia are at play and thus promise a number of novel collective behaviors, some of which
have been anticipated in recent reviews [60,61]. Furthermore, and maybe more interest-
ingly, hydrodynamic spin lattices are the first example of an active system with wave-
mediated interactions, in which interaction forces are long-range and spatially-oscillatory,
i.e., defined by alternating regions of attraction and repulsion. Recent experiments on
wave-propelled solid particles on a fluid interface show that wave-mediated interactions
lead to the multistability of a discrete set of interactions states [62], which contribute to
increasing the number of collective behaviors that can be studied in these systems.

* ok ok

The original experiments were conducted in the Applied Math Laboratory at MIT. I
am grateful to all the authors of the article Emergent order in hydrodynamic spin lattices
published in Nature in 2021 [23], who gave me the possibility to write this communication
as a sole author. For completeness, I would like to report author contributions here
as reported in the article published in Nature. Pedro J. Sdenz conceived the study,
led the experimental developments and the writing of the paper, and contributed to
the theoretical modeling. Sam E. Turton and Rodolfo R. Rosales contributed to the
theoretical modeling. Giuseppe Pucci contributed to the conception and execution of
the preliminary experiments. Alexis Goujon contributed to the preliminary experiments.
Jorn Dunkel contributed to the theoretical modeling and the writing of the paper. John
W. M. Bush contributed to the conception of the experiments and theory, and to writing
the paper. I am positive that many other research directions inspired by walking droplets
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are coming in the future since this system continues to show its potential and unveil
mysteries.
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